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1. INTRODUCTION 
Differential equations with delayed forcing terms arise naturally inthe 
explicit solution of differential-delay equations [11. In our present studies 
of singular perturbation a alyses of boundary-value problems for second- 
order differential-difference equations with a turning point (see [2] for 
earlier results), we have had to deal with forcing terms consisting ofshifted 
Airy and Lommel functions and their derivatives. One example of the type 
of equation which arises is the inhomogeneous Airy equation (see the 
Appendix for a derivation) 
y”-xy=c,Ai(x-a)+c,Bi(x-a)+c,L(x-a) 
+ d, Ai’(x - a) + d, Bi’(x - a) + d3 L’(x - a), (1) 
where a is a constant (0 < a < co); ci, di, i= 1, 2, 3, are constants; Ai, Bi are 
Airy functions; and L is a Lommel function (see [31) satisfying 
L”-xL= 1. (2) 
In this paper, we consider generalizations of (1) in the form 
d;py - v = d-(x), (3) 
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where 9 is the kth-order linear differential operator with constant coef- 
ficients given by 
9E i a.< 
j=. ‘dx” 
cr,=constant, j=O, l,..., k  
We find exact particular solutions for special classes of functions f(x). 
In Section 2, we obtain exact solutions for the general operator LZ. In 
Section 3, we restrict TZ= gk, where GB E d/dx, and obtain explicit 
solutions for a wider class of functions S(X). 
2. FORCED GENERALIZED AIRY EQUATIONS 
For the forced generalized Airy equations (3), we obtain exact particular 
solutions for 
f(x) = Yyqx - a) 3 n = 0, 1) 2 )...) -woOaa<,, 
where we assume the Y,(x), I= 0, 1, are known solutions of
YY,(x)-xY,(x)=I, I=O, 1. 
(5) 
(6) 
Also, we indicate how to treat he cases with 
f(x) = x”Yj”)(x - a) 7 m = 1, 2, 3 ,.,., (7) 
and explicitly give the solution for m = 1. In the proofs, we make repeated 
use of the equation obtained by differentiating (6) r times, namely, 
YYyl”(X) - xYj”(X) = rrjr- l’(x), r = 1, 2, 3 )...  (8) 
We can easily prove 
THEOREM 1. A particular solution of 
Yy - xy = c Yj”)(x) 9 
where Y,(x), I= 0, 1, is a solution of (6), 
y(x)=& Yj”+l)(x), 
Proof Compare (9) with (8). 1 
If the right side of (9) is multiplied by x, then we have 
n=O, 1,2 ,..., 
is given by 
n = 0, 1, 2 ,...  
(9) 
(10) 
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THEOREM 2. A particular solution of 
Yy - xy = cx Yj”)( x) > n = 0, 1, 2 ,..., (11) 
where Y,(x), I= 0, 1, is a solution of (6), is given by 
y(x)=c i aj 
[ 
- y(n+i+ l)(x) _ yjn)(x) 
j=,n+j+l ’ 1 
, n=O, 1,2 ,.... (12) 
Prooj If n = 0, then using (6), (11) becomes 
Yy-xy=cLicY,(x)-cl, 
and using (4), (6), and Theorem 1, we obtain the solution (12) with n = 0. 
If n = 1, 2, 3 ,..., then using (8), (11) becomes 
dpy-xy=c[YYi”)(x)-nY(“-l)(x)], 
and from Theorem 1, we obtain (12). 1 
The method of proof in Theorem 2 can be used to treat xmYin)(x), 
m, n = 0, 1, 2 ,..., on the right side of (11). Using (6) and (8) repeatedly to
reduce the powers of x eventually leads to a problem covered by 
Theorem 1. 
When the forcing term in (9) has a shifted argument, i.e., a # 0 in (5), 
then we have 
THEOREM 3. A particular solution of 
LZy-xy=cYj”)(x-a) 9 n = 0, 1, 2 ,..., a # 0, (13) 
where Y,(x), I= 0, 1, is a solution of (6), is given by 
,,x,=!$ Y,(x)- i y~n-‘~c*-uq, 
j-0 (n-./J! d 
n = 0, 1, 2 ,...  (14) 
ProoJ Let x=z+a, u(z)=y(z+a), then (13) can be rewritten i the 
recursion form 
u(z) = -5 Y!“)(z) +; [Uu(z) - zu(z)]. 
Let u(z) = u,,(z) + ul(z) + * * * + u,(z) + U,(z). For s = 0, let u,-Jz) = 
-(c/a) Y!“)(z), then iterating once, we obtain 
ii,(z) = -5 Yl”-l’(z) +f [B-i,(z)-z&)(z)], 
306 MIIJRAANDLANGE 
where we have used (8). We note that the order of the derivative ofY, has 
been reduced by 1. Continuing these iterations, we finally obtain 
u,(z) + ii,(z) = -n!c Y!(Z) - n! c 
a n+2 C=Jm(4-ZY,(~H a 
+ f [ai, - zU,(z)]; 
so that identifying u,(z) = -(n! c/a”+ ‘) Y/(z) and using (6) we have 
n! cl 
YU,(z) - zii,(z) -a&(z) = n+l. 
a 
Noting that the right side is a constant, we easily see that 
n! cl 
&l(z) = nfl Y,(z + a), a 
where we keep 1 in the solution since for 1= 0, Y,(z + a) is a solution of the 
homogeneous equation. Combining these results, we obtain (14). m 
The cases with x”Yj”)(x - a), m = 1, 2, 3,..., a # 0, on the right side of 
(13) can again be treated by the method of proof in Theorem 2. Letting 
x = z + a, U(Z) E y(z + a), the transformed quation becomes 
2%(z) - zu(z) -au(z) = c(z + up Y{“‘(z) 
=c [F. (T) aizmpi] Yy)(z), (15) 
where (7) are the binomial coefficients. Because of linear superposition we 
need only consider 
924(z) - zu(z) -au(z) = czmYj”)(z). (16) 
Again using (6) and (8) (with x replaced by z) repeatedly toreduce the 
powers of z on the right, we arrive at problems covered by Theorem 3. 
3. SPECIAL FORCED GENERALIZED AIRY EQUATIONS 
If we restrict 
2?Gihk=$, k = 1, 2, 3 ,..., (17) 
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the single kth-order derivative, then we can obtain further explicit results 
for forcing terms containing powers of x. In this ection we assume Y,(X), 
I=O, 1, satisfy 
9kY,(x) - xY,(x) = 1, I=O, 1. 
Taking r derivatives of (18) yields 
9kYp(x)-xY~‘)(x)=rYy), r = 1, 2, 3 )...  
We then obtain the general result 
THEOREM 4. A particular solution f
9Jky - xy = cxm Yj”)( x), m, n = 0, 1, 2 ,..., 
where Y,(x), 1= 0, 1, is a solution f(18), is gioen by 
Y(X) = km+cn+ 1 [x”Yj”+‘)(x)-kmx”~‘Yj”)(x)] +h(x), 
(18) 
(19) 
(20) 
(21) 
where 
@h(x) - xh(x) = 
(k+ l)km(m- 1)c 
2(km+n+l) 
Xm-2y~k+n-I)(X)f . . 
(k+l)!(q-l)m!c 
+(k-q+l)!q!(m-q)!(km+n+l)X 
m-qyjk+n-q+l) (x)+ 9.. 
i 
km::+1 [k(myl)-(i)] ~lk++m+l)(x) if m6k + I (k2-l)m!c (m-k)! (km+n+ 1)x m--kyp+ “(x) 
I km! c -(m-k-l)! (km+n+l)X m-k--lypyx) if mak+l 
(22) 
ProoJ Let y(x) = c1 xm Yj” +*j(x) + c2 mxm - ’ Yjn)(x) + h(x). Substituting 
into (20) and using (19), we obtain 
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9ky-xy=cl (n+ l)x”Yj”)(x)+mkx”-‘Yjk+“)(x) 
+m(m-1) 
k 
0 
2 x -yy+n-lyX)+ . . . 
m! if m<k 
+ 
m! 
~x”‘-kYy+“(x) if m>k 
+ c2m -XmYp(x)+xm-lYjk+“yX) 
+(m- 1)kx m-2y~k+n4)(X)+ . . . 
i 
Yjk+n-m+l)(~) if m<k+ 1 
+ (m+l)! 
Dkx”-kYjn+l)(x) 
I . 
(m-l)! 
+(m-k-l)!x~-k-ly~“)(X) if m>k+l II 
+ 9kh(X) -x/z(x) = CXmYy(x). 
Collecting the coefficients of xmYj”)(x) and xm-’ Yjk+“)(x) and equating 
them to zero, we obtain c2 = (-kc/(km + n + 1)) = -kc,. (For m = 0, (21) 
reduces to (10) with h(x) - 0.) Combining the remaining terms, we obtain 
(21). On the right side of (22) the power of x has been reduced by at least 
1, depending on the value of k. Continuing this procedure, the power of x 
is eventually reduced to zero and Theorem 1 applies. 1
Including a shift in the argument of Y, in (20) is a special case of 
Theorem 3. Including powers of x times Yy)(x - a) can be treated by the 
method of proof in Theorem 2, as mentioned previously. 
For completeness, we consider the special cases where the forcing 
functions are given by xm. Let Lk(x) be a solution of 
gk&(X) -x&(x) = 1, k = 1, 2, 3 ,...  (23) 
Then we have 
LEMMA. A particular solution f
9”y - xy = cxm, m=O, l,..., k; k= 1, 2, 3 ,..., (24) 
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is given by 
Y(X) = CL,(X) if m = 0, 
(25) 
= -(-?-?m- 1 if m = 1, 2 ,..., k. 
ProojI For m = 0, compare (23) and (24). For m = 1,2 ,..., k, since 
Skxm- ’ = 0, the result follows. 1
For general m, including the above Lemma, we have 
THEOREM 5. A particular solution of 
gky - xy = cxm, m = 0, 1, 2 ,...; k = 1, 2, 3 ,..., (26) 
is given by 
f 
Cml(k + 1 )I - 1 
y(x)= -c 
m-l 1 m+l-j(k+l) k+, y-j(k+l)-1 
m-l - [ 1 1 Lk(X) if m=p(k+ 1) k+l 
+ 
[ 1 
9 
m-l 
(27) 
q+l k+l 
xY-l if m=p(k+l)+q 
where p = 0, 1, 2 ,...; q = 1, 2 ,..., k, [m/(k + l)] = greatest integer <m/(k + l), 
and 
where (p + 1 )/(k + 1) is an integer. 
Proof: For m = 0, l,..., k, see the Lemma. For m= k+ 1, k+ 2 ,..., let 
y(x) = -cxm- l + h(x) and substitute into (26) giving 
(m-l)! 
~kh(X)-xh(x)=c(m~k~l)!X”k-l=C 
m-l [ 1 X m-k- 1 m-k k+l 
This has the same form as (26) with the power of x reduced by k + 1. 
Therefore, the procedure can be repeated and eventually terminated atone 
of the “primitive” problems covered by the Lemma. 1 
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APPENDIX 
Equation (1) arises from a consideration of the boundary-value problem 
for the differential-difference equation 
y”(X) - xy(x) + ay’(x -a) f /?&x-a) = 0, O<x<l, O<a<l, (A.l) 
y(x) = fj = constant for -a<x60, y(l)=y. (A.21 
On the interval 0 < x < a, y satisfies theequation 
y” -xy= -pqJ (A.3) 
which has the general solution 
y(x) = b,Ai(x) + b,Bi(x) - &hL(x), (A.4) 
where 6,, b, are constants; Ai, Bi are Airy functions; and L is a Lommel 
function (see (2) in Section 1). Then, on the interval  < x < min(2u, I), y
satisfies an equation of the form given by (1). 
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